Boundary-Value Problems

Boundary-Value Problem (BVP): The solution of an ordinary differential equation
which must satisfy certain conditions specified for two or more values of the independent
variables.

A condition or equation is said to be homogeneous if, when it is satisfied by a partic-
ular function, y(z), it is also satisfied by cy(x), where ¢ is an arbitrary constant. Here,
we are mainly concerned with homogeneous linear differential equations and associated
homogeneous boundary conditions.

For illustration purpose, let’s consider the following homogeneous linear differential
equation of 2nd order:

d*y dy

e + al(x)% + as(x)y =0 (1)

with boundary conditions
yla) =0 y(b) =0 (2)

The general solution of equation (1) is of the form

y(z) = cru () + cous(z) (3)

where u; and wuy are linearly independent. Substituting equation (3) into equation (2)
yields

crui(a) + cauz(a) =0
clul(b) + CQUQ(b) =0 (5)

Let
ui(a) wus(a)

u1(b)  ua(b)
If D # 0, then ¢; = ¢; = 0. Thus, the solution is trivial! If D = 0, then

D=

ui(a)  uy(b) e 7)

ug(a)  us(b) c1

Thus, the solution can be written as

y(@) = ¢ [Z—:ul (z) + uQ(x)} = ¢ [— ZTEZ; wi () + ua(x) (8)
= Clus(a)ur(z) — w(a)us(@)] 9)

where C' is an arbitrary constant.



In many cases, one or both of the functions a;(z) and ay(z) are dependent upon an
unspecified parameter A, i.e.,

d?y dy
s + ay (z, /\)% + as(x,\)y =0 (10)
Thus, the solution becomes
y(x) = crur(z, ) + coug(x, \) (11)

Therefore, the requirement for equation (10) to have non-trivial solution is

(a, ) us(a,N)
(b A) (b, A) |~V (12)

Uy
Uy

Usually, more than one value of A can be found to satisfy equation (12), i.e., A =
A1, Ao, - --. They are refereed to as the characteristic values or eigenvalues. The corre-
sponding solutions are called characteristic functions.

[Example]

y' + Ay =0
y(0)=0  y(L)=0

General solution:

Yy = Acos V Az + BsinVx
Apply BCs:

=L y=BsinVAL=0
Thus,

VAL=nr n=0,1,2,-

n?m?
Ay = 2 = characteristic values
. onm
y = Bsin —x
L

. nmw . .
¢on(x) = sin Tr= characteristic functions



Orthogonality of Characteristic Functions

Two function ¢, (x) and ¢, (z) are said to be Orthogonal over an interval [a, b], if

b
/ () pu(z)dz = 0 (13)

They are orthogonal with respect to a weighting function 7(z) over an interval [a, 0]
if ,
[ @hon(@ien()iz =0 (14)

A set of functions, {pr(x)|k = 1,2, -}, is said to be orthogonal in [a, b], if all pairs
of distinct functions in the set are orthogonal in [a, b].

Consider the BVP which involves a linear homogeneous 2nd-order differential equa-
tion:

d |. .dy N -
o |0 + e+ vy =0 (15)
where p(z), ¢(z) and 7(x) are assumed to be real. Define an operator £ as
d d
L=—|p— q 16
- (p dx) +q (16)
Equation (15) can thus be written as
Ly +  i(x)y =0 (17)

It should be noted that any 2nd-order ODE of the form

ao(x)% + al(x)j—ay: + [az(z) + Aaz(x)]y =0 (18)

can be transformed to equation (15) by making the following substitution:

Plx) = exp { / a1(7) d:c} (19)

ao(z)
N as(z) . "
i(x) = = P@) (20)
N az(z) "
(@) = o P@ (21)



Our concern here is to find the required boundary conditions of equation (15), such
that the characteristic functions are orthogonal to each other. Let A; and Ay be two
distinct eigenvalues of equation (15) and ¢1(x) and () be the corresponding eigen-
functions,

i [P + i)+ ar =0 (22
7 [0 %2 | 41w+ xa =0 (23)

P2 X (22) — 1 x (23)
ot (p%) . @%) + (1 = X)) prps = 0 (24)

a2 | ) ()pnla)de = / b g (K)o (152)] e 9

Integration by parts

_ _dipy _dpy ’ " Tdps (_dipy dpr [ dps
RHS = {('02 <p%> — A (p%)]a /a dx P dx dx P dx de(26)

Notice that

/b dpa [ _dpr _d% _dpy dr =0
o | dx P e dz \Pdz /



Since the second term of RHS is zero,

0o [ @@ = {5 [ o)L o

a

Therefore, the requirements for fab 7(x)1(z)p2(x)dz = 0 are:

e The the RHS of equation (27) vanishes independently at © = a and = = b, i.e.,

y(x) =0 (28)

or d
y

ay _ 9

7 =0 (29)
or d

¥y _
y+a =0 (30)

at © = a or x = b. Equations (28) - (30) are referred to as the Sturm-Liouville
Conditions.

e The RHS of equation (27) will vanish at x = a or x = b when p(z) = 0, y(x) is
finite and y/(x) is finite (or p(z)y'(x) — 0) at z = a or z = b.

e The RHS of equation (27) will be cancelled out when
(b)

(b)
(0) (33)

(a)
(a)

y'(a

Il
e

p
y

~—

In other words, ¢1(z) and po(x) are periodic, of period (b — a).



[Example]

d?y
@ + )\y =0
BCs
y(0) =y(L) =0

Notice that they are Sturm-Liouville conditions, i.e., equation (28). Therefore,

L2
nm

on(z) = sin <fm>

which have already been obtained before. Next, let’s verify orthogonality:

L

L mrx  nmz L 1 . (m—n)m 1 . (m+n)m
sin sin —dzr = — sin x — sin =0
0 L 2r lm—n L m+n L 0
(m #n)
L
/OsiHQ?dx:§>0 (m=n)

If #(x) > 0 in [a, b], then C,, = fj 7(x)p2(z)dz > 0. Thus, if the multiplication factor
is introduced into ¢, (z) such that ¢, = ¢,/v/C,, then ¢, (z) is said to be normalized
w.r.t. 7(z). A set of normalized orthogonal functions is said to be orthonormal.

[Example]

@n(fL’): zsinT n:1,2,--~

{@n} is an orthonormal set, i.e.,



Expansion of Arbitrary Functions in Series of Orthogonal Func-
tions

Suppose that the set of functions {¢,} is orthogonal in a given interval [a, b] w.r.t. 7(z).
We want to expand a given function f(z) in terms of ¢, i.e.

f(x) = anpn(z) (34)

Assume that such an expansion exits, multiply both side by 7(z)pk(x) (k = 0,1,2,--+)

F(@)pn(@) f(2) = ) anT(@)pr(2)pa() (35)

and integrate both side over [a, b], i.e.

/ F@)or () f@)dz = S an / F(@)ou(2)pn(z)d (36)

Notice that this equation is valid only if equation (34) is uniformly convergent in
la,b]. Since {¢,} is a set of orthogonal functions

f; 7(x)pr(x) f(x)dx
P (@)p3()da

(37)

ajp =



Proper Sturm-Liouville Problem

A proper Sturm-Liouville problem is defined by equation (15) if
e p(z) >0, ¢g(x) <0 and 7#(x) > 0 in [a,b];
e Sturm-Liouville condition are satisfied;
e If the boundary condition y + O‘% =0 (a # 0) is imposed on x = a, or b, or both,

then (1) oy <0 at x =a, and (2) ay > 0 at z = b.

Properties of a proper Sturm-Liouville problem

1. For a proper Sturm-Liouville problem,

e all eigenvalues are real and non-negative and

e all eigenfunctions are real.

2. If a Sturm-Liouville problem is proper, and if p(z), ¢(z) and 7(z) are regular in
(a,b), then the representation of a bounded, piecewise differentiable function f(x)
in a series of eigenfunctions

e converges to f(x) inside [a, b] at all points where f(x) is continuous, and

e converges to the mean value 3[f(z+) + f(z—)] at points where finite jumps
occur.

3. The series may or may not converge to the value of f(z) at end points of the
interval, i.e. when z =a or x = b.



nm

[Example] f(z) =z =" a,sin 2z

Notice that )

d*y
— pr— pr— L pr—
T2t My=0 y(0)=y(L)=0

is a proper Sturm-Liouville problem with p(z) = 1, ¢(z) = 0 and 7(z) =

eigenvalues and eigenfunctions previously obtained are

ném . /nm
An = 72 cpn(x):sln(f:z:>
Thus,
(IOZO
L L L 1
an§ = an/o sin? (?)dm‘ = /0 T sin <n—zx)d1’ = —L2E(—1)"
2L _1n+1
n:—g n=123,---
T n
2L K (-1 o
f=r=2"27, sin (<)
e z =0
f(z)=0 RHS =0
o r =1
f(L)=1L RHS=0+#L
ongz
L 2L 1 1 1 2L T
L/2)=— RHS=—|l—=4+—-—=--- = — ) [~—
) = ()= () 0)
|

1.

The



BVP Involving Nonhomogeneous Differential Equations

Consider the differential equation

d dy
— | p== ) +qy| + Iy = F(x 38
[dx(pdx) qy} y=F(x) (38)
with homogeneous Sturm-Liouville boundary conditions. Here, A is a given constant.
This equation can be written in operator notation, i.e.

Ly + My = F(x) (39)
Let us first consider the homogeneous equation
Ly+ M ry =0 (40)

together with the given BCs. Notice that the corresponding Sturm-Liouville problem
results in a set of orthogonal characteristic functions {¢,(x)} such that

Lpn(z) + N () pp(z) =0 (41)

Now let us assume that the solution of equation (38) exists. This solution y(z) can be
expanded in the form

y(@) =Y anpa(z) (42)

Substituting this expression into equation (39) yields

Z (anﬁpn)

n

L + A (anpn) = F(2) (43)

n

From equation (41),

+7 Y (Anngpn) =0 (44)

n

L [Z (anwn)

n

Subtract equation (44) from equation (43), i.e.

o0

() Z(A — An)anpn(x) = F(x) (45)
n=0
Let
F [o.¢]
flz) = f((j)) = Z Appn () and A, =a,(A—\,) (46)
n=0
If f(x) is piecewise differentiable, the A,, can be determined. Thus,
A 1
pu— DY 4
@) = 75 le) + 1) + (a7)

From the above results, one can draw two important conclusions:

1. If F(z) =0 1in [a,b], then from equation (45) A = Ay and k =0,1,2,---.

2. If F(z) is not identically zero in [a, b], equation (47) shows that equation (38) has
a solution only when A # X\, (k=0,1,2,---).

10



Fourier Series

Since the BVP

d2
— +y=0 48
Y (48)
y(0) =y(L) =0 (49)
has the eigenfunctions
() :smn—zx, n=123,--- (50)
From the previous discussions, a function can be expressed as
= nrx
, ., Sin —— 51
f(x) ;a,bln 7 (51)
which is referred to as the Fourier sine series representation of f(x) in (0,L). The
coefficients a,, can be determined by
) sin T dw
n bt L (52)
2 nmx
fo sin® *Fdx

Notice that

- (53)

/ f(a)sin T (54)

L L
1 L
/ sin? @d:v = —/ (1 — COS 2@> dz
0 L 2 /o L

Thus,

It can be observed from equation (51) that all terms of the RHS

1. are periodic and have the common period of 2L

2. are odd functions, i.e

(55)
Notice that

11



It follows that in the interval (—L,0) the series in equation (51) represents the func-
tion —f(—x), i.e.
nmx

Z apsin—  z € (0,L) (56)

Let ' = —z and 2/ € (—L,0). Then

Z an sin ) Z a, sin nma’ (57)

As a result,
> !
—f(=2) =3 aysin ”72”3 ' € (—L,0) (58)
n=1

If f(x) is an odd function, i.e., f(—z) = —f(z), then

0 /
=Y a,sin m;“" 2 € (—L,0) (59)

Therefore,
e Equation (51) represents f(x) in (—L, L) if f(z) is an odd function.

e If f(x) is also periodic of period 2L, then equation (51) represents f(z) everywhere.

[Example] Express f(z) = ¢” in (0,7) with ¢, (z) = sinnz

2 [T 2
a, = ;/0 e’ sin (nz)dr = ;n;j— ] (1 — €™ cosnm)
2 n
n == 1 7r_1n+1
¢ 7rn2+1[+€( ™

[Exercise] Express the odd functions = and 2° in (—L, L) with ¢,(z) = sin 2=

12



Similar series involving cosine functions can be obtained by considering the following
BVP:

d>
= SV =0 (60)
y(0)=y'(L)=0 (61)

The corresponding eigenfunctions are:
©n(x) = cos o (62)

L

where, n = 0,1,2,---. Notice that ¢o(z) = 1 is a member of the orthogonal set. Thus,
=aqag+ Z ay, cos 2% x € (0,L) (63)

where,

ap = f“ / f(x (64)

'mra:

fOL ) cos BFE nrx
a, = = / f(z) cos —da: (65)

T
fo cos? ””dx

Equation (63) is known as the Fourier cosine series representation of f(z) in (0, L).
Since the RHS of equation (63) is an even function, i.e., cos(—"7%) = cos("“7*), then

—x) =agp+ Z a, COs @ x € (—L,0) (66)

If f(x) is an even function, i.e., f(z) = f(—=x), then f(z) can be represented by equation
(63) in (—L, L), i.e

x)=ag+ Z Qp, COS n_zx rxe (=L, L) (67)
n=1

[Example] Express f(z) = ¢” in (0,7) with ¢,(z) = cosnz

1 [7 1
aoz—/ e“dr =—(e" — 1)
0

™ ™

2 (7 2 1 2 1
an:;/o excosnxdx:;n2+1(e”cosn7r—1):;n2+1[e”(—l)"—l]
2 (e"—1 e +1 e —1 em+1 et ze(0,m)
;( 5 T 5 cos T + 5 cos 2x — 10 cosBx—i—---)—{ex € (—7.0)
|

13



Complete Fourier Series

Any given function f(x) can be expressed as the sum of an even and an odd function,

fl) ==

[f (@) + f(=2)] + . [f (@) = f(=2)] = feven(®) + foaa() (68)

2 2
One can express these two functions separately as
Jeven(2) = a0 + Z Qp, COS @ v € (=L,L) (69)
foad(@ Zb sin =~ re(-L,L) (70)
where,
1 L
/ feven / feven X i |:/ f(ZE)dLU - / fodd dl’:| (71)
-L
1 L
= 5T /_Lf( dx (72)
nmx L
/ feven COS —diL' = / feven cos —dx (73)
= / f(x) cos @(h (74)
2 [* . nmx . nmx
=7 Joda(x) sin —da: = fodd ) sin —dm (75)
0
1 )T
= b, = 7 /L f(z)sin %daz (76)
Thus,
nmx
f(m):feven( )"‘fodd —a0+z<anCOS +b sin —— T ) (77)

Equation (77) is the complete Fourier series representation of f(z) in the interval
(—L,L). If f(z) is an even function, b, = 0. If f(z) is an odd function, ay = a, = 0. If
f(z) is neither even nor odd, then none of the coefficients are zero.

14



[Example] Express f(z) = ¢” in (—m, +7) with complete Fourier series repre-

sentation.
1 a 1 1
ag = — e’dr = —(e" —e ") = —sinh7
2 J_, 2m T
1 [t 2cosnm
ap = — e’ cosnxdr = 5 sinh 7
T mnc+1
1 [T 2 n cosnm
b, = —/ e’ sinnezdx = —————sinh =
v - ™ nt4+1
. sinhm .
e’ = (cosnx — nsinnx
[ Z n2 + 1 )

=1

15



Bessel Series

Consider the modified Bessel equation:

d’y  dy
x2@ +ao (122 —p*)y =0

in the interval (0, L). This equation can be written as

d dy P’ 2 _
%(x@>+(—;+ux y=20

If this equation is compared with

! [p(@d—y} £ [4(@) + (@) y = 0

dx dx
then it can be observed that

plr) ==
2
() — P

q(a) = -~

T(z) ==z

A=

16



Compare with

i 0] + i@ @ty =0 (50)
We can conclude that
)=z  G(z)=-p’le  Fla)=z A=p’ (81)

The general solution of equation (78) is of the following form

y(z) = { c1Jp(px) 4+ caJ_p(px) if p is not an integer

a1 dp(px) + oY, (px)  if p is a non-negative interger (82)

Let us consider the interval (0, L). It is clear that p(0) = 0. Thus, the eigenfunctions
of the problem are orthogonal in (0, L) w.r.t. 7(z) = z, if

1. z2=0

y(0) = finite (83)
y'(0) = finite (84)

2. x=1L

One of the Sturm-Liouville conditions must be satisfied, i.e.,

y(L) =0 (85)
y'(L)=0 (86)
" y'(L)+ky(L)=0 k>0 (87)

Since y(0) = finite, then ¢; = 0 due to the fact that J_,(0) and ¥,(0) are not finite.
Thus,

y(@) = erJp(pz) (88)
o If y(L) =0, then
JylpinL) = 0 (39)
o If y/(L) =0, then
Jy(unL) =0 (90)
o If y'(L) + ky(L) = 0, then
T (1taL) + Ky(jinL) = 0 (91)

17



In all three cases, the cigenfunctions are of the form
on(x) = Jp(pn) (92)

where f1,, is the solution of one of the equations (89), (90) and (91). As a result, these
functions are orthogonal in (0, L) w.r.t. 7(z) = z, i.e.,

| #ima) mare =0 (93)

where m # n.
Not all the eigenfunctions corresponding to a given p are needed in the orthogonal
set. This is due to the facts that

1. Since J,(—z) = (=1)?J,(z), the solution of equations (89), (90) and (91) exist in
pairs, symmetrically located w.r.t. z = 0. On the other hand,

on() = Jp(pnz) = (=1)"Jp(=pnt) = (=1)"Jp(pmz) = (=1)Pm(z) (94)

where fi,, = —p,. Thus, ¢, (x) an ¢,,(x) are linearly dependent and negative value
of w,, need not be considered.

2. If pg = 0, there are two possible cases to be considered:

(a) p>0
Notice that

& o
Jp(z) = 2 (95)
£ KID(k+p+ 1)
po(x) = Jp(pox) = Jp(0) =0 (96)

Thus, o(z) can not be an eigenfunction.
(b) p=0

Note that

2 4 6

Xz x Xz
ho@) =1- %+ 550 ~ waEe

o (97)

Thus, only equation (90) is possible and ¢g(z) = Jo(pox) = Jo(0) = 1.

Conclusion: It is necessary to consider only the set of functions {¢,(z)} corresponding
to positive values of u,, (n =1,2,3,---) in all cases, except in the case of equation (90)
when p = 0, in which case the eigenfunction yy(z) = 1 corresponding to py = 0 must be
added to the set.

18



Let us temporarily exclude the exceptional case, i.e., equation (90) with p = 0, and
consider the series representation of a function:

o

f(l’) = Z an‘]’p(ﬂnx) (98)

n=1

where p > 0 and p, is the positive solution of equation (89), (90) or (91). Since the
functions in the series form an orthogonal set,

=i / 2 (2) () de (99)

where .
cn:/ [T ()] daz (100)
0

To determine ¢,,, we have to go through an indirect route. First, substitute a character-
istic function ¢, () in equation (79):

d [ do, 2
<x90)+( p—l—,uix)gonz() (101)

de \" dr o

and then multiply both sides by 2z,

den d [ doy, den [ D*
2 — 2 —Z = 102
xdxdx(wda:)—i_xd:c( x+u"$ on=0 (102)
Thus,
d d don\
2,2 2y 4 oy @ n 1
(Hn® =p*) = (vn) = —— [(w dx) ] (103)

Integrate both sides over (0, L):

L L
LHS = / (120> 9?)  (g2) do = [(u20* ~ 1) &3] — 20 / rpnde (104)
0 JO

dz
RHS = — /OL % [(xdd“i”ﬂ dr = — [:::2 <dcz‘;")2r - - lﬁ (ddi”ﬂ » (105)

0

In equation (104), notice that ¢, (x) = J,(,x) and

[(wna® =p") ¢7],_y =0 (106)
This is because
1. If p>0, ¢,(0) = J,(0) = 0.
2. it p=0, po(0) = Jo(0) = 1. But p22? —p>*=0—0=0.

19



Thus,

o= [ b} e = 57 {(’“‘3““2 =) () + 2?5y } y

“(107)
The derivative of J,(u,x) in the above equation can be obtained with the identity

d p
%Jp(ﬂnl’) = —finJp1(Hnz) + ;Jp(ﬂnlﬂ) (108)

o If equation (89) is satisfied, i.e., J,(u,L) = 0, then from equations (107) and (108)
we can get
L2

tn = = o1 (pn L))" (109)

e If equation (90) is satisfied , i.e., J)(unL) = 0, the from equation (107) we get

_ ol —p’

o 22

[ (1 L)) (110)

e If equation (91) is satisfied , i.e., J (unL) = —kJp(unL), the from equation (107)
we get
(i + K L2 — p?
Cn = 2.2 [JP(MHL)]Q (111)

Now let’s turn to the exceptional case, i.e., equation (90) with p = 0. In other words,
TimL) =0 (112)

Specifically, all solutions of equation (112) have to be considered, including g = 0.
The series representation becomes

flz) =ao+ Z an Jo(fin) (113)
where fL Py 5
zf(x)dx 2

while a, can be determined with the method described previously with ¢, given by
equation (110).

20



[Example] Express f(z) = 1 in interval (0, L) by Bessel series of order zero.
The eigenvalues are the solutions of Jy(u,,L) = 0.

[e.9]

flx)=1= Zanj()(,unx>
n=1
where «,, = u, L satisfies
J()(Ozn) =0

From table
o = 2.4048, as = 5.5201, a3 = 8.6537,

oy = 11.7915, as = 14.9309, o = 18.0711

1 L
ay, = —/ xJo(pnx)dx
cn Jo

From equation (109),
2

on = (L)

From the integral property of J,:

[ sz = 23, 10)

Let n = u, and p =1,

/unxJo(unx)dx = xJ1(pn)

Thus, .
AxMMmm=ﬁhwm Z%LWM
WAl _ 21
22 (L) el Ji(pn L)
1 2 G JU(/Lnx)
fl)=1= (f) )
[ ]

21



[Example] Express f(r) = 1—2? in interval (0, 1) by Bessel series of order zero.
The eigenvalues are the solutions of Jy(1,) = 0.

flx)=1-2%= ZanJo(,unx)

n=1

where «,, = pu,, satisfies
J()(Ozn) = O

From table
o = 2.4048, as = 5.5201, a3 = 8.6537,

oy = 11.7915, as = 14.9309, ag = 18.0711

1
Ay = —/ z(1 — %) Jo(pnx)dz
cn Jo

From equation (109),
1
Cn=:§[Jdunﬂ2

From the integral property of J,:
[ 0t dpes )iz = 23, r)
Let n = p, and p =1,

/un:r;Jo(unx)dx = zJ1(pn)

Let n = p,, and p = 2,

//Lnl'2jl(ﬂnx)dl' = 2% Jo ()

1 1 1
/ 2(1 — %) Jo(pnx)dr = / xJo(pnz)dr — / 2 Jo(pnw)dx
0 0 0

1
1

= —J1(ptn)
1

0 n

1
x

/ xJo(ppx)de = — Ji ()
0 H

n

o /01 () (22)da

1
/ 23 Jo(ppr)dz = ZL’2£J1(/LW’L’)
0

n 0 Hn
1 2 !
= —Ji(un ——/ 22 Jy () dz
Hn 1(:“ ) Hn Jo 1< )
1 2
= Ejl(/vbn) - Ejz(ﬂn)

22



Thus,
! 2
/ r(1 — %) Jo(pnz)dr = EJQ(MTL)
0

n

) ad()
L) R IR ()

r 0<z<l1
0 I<o<2
order 1. The eigenvalues are the solutions of .J;(2u,) = 0.

[Example| Express f(z) = { in interval (0,2) by Bessel series of

Let o, = 2p,,. From table,

o = 3.8317 g = 7.0156 ag = 10.1735
oy = 13.3237 a5 = 16.4706

The series we seek is
f@) =" anJi (), 0<ax<?
n=1

where )
1
Ay, = c_/ zf(x)Jy(upx)d
n Jo

and from equation (109)
2

L
Cn = 7 [Jp+1(MnL)]2 = 2J22(2Mn)

From the integral property of J,:

/nprp_l(nx)dx = 2P J,(nx)

Let n = p,, and p = 2,
/pmeJl(unx)dx = 2% Jo ()

2 1

/0 £ () Ty () dr = / P (pa)ds = 2= () =MiJz<un>

n 0 n
Thus,

0 — 2 (1) _ o)

t203(2m)  2pnJ3(24m)

_ - J2(fn)

n=1
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Legendre Series

Consider the Legendre equation

& d
(1—x2)d—:§—2x£ +plp+ 1)y =0 (115)

where x € (—1,1). This equation can be written as

d

- {(1 - 962)%} +p(p+1)y=0 (116)

Let us compare this equation with

7 [P0 + @+ vy =0 (117)
Thus, p(z) =1 —2% ¢(z) =0, 7(x) =1 and A = p(p + 1).

From the fact that p(+1) = 0, we can conclude that, if y(+1) = finite and y'(£1) =
finite, then any two distinct roots of Legendre equation are orthogonal w.r.t 7(z) = 1 in
the interval (—1,+1). Since the solutions of Legendre equation are finite at x = +1 only
if p is a positive integer or zero, it is only necessary to consider p = 0,1,2,---. Thus,
the eigenfunctions are

¢on(x) = P,(z) = Legendre Polynomial (118)

The corresponding orthogonality condition is
+1
/ Po()Pa(x)dz =0 (m#£n) (119)
-1

A function f(x) which is piecewise differentiable in the interval (—1,+1) can be
represented by

f@) = anPu(x) (120)

where "
[ @) Py o
" fjll P2(z)dz
Let us substitute the Rodrigues’ formula:
1 dr
P,(z) = —(2* = 1)" 122
\(2) = gy g (= 1) (122)

into the integral

/_ o(2) Py () = — / 0(2) - (22 — 1)da (123)



Assuming the first k& derivatives for g(z) exist and continuous in (—1, +1) and noticing

that g P gt
(2" = ()" == —
(02 = 1)" = T = 1) y—

dx  da?
at x = +1, one can integrate equation (123) by parts k times (k < n) to obtain

(22 =1)"=0 (124)

1 2mn!
When k£ = n,
o (= o, Ldig(x)
/1 g(z)P,(x)dx = S /1 (x*—1) T dx (126)
Let
() = Pale) = (% — 1) (127)
I\ = I\ = Sl daem
Thus,
dg(z) d"P,(x) 1 da* (2n)!
= = 1) = 12
dxm dxm 2nnl dy2n (@ ) 21| (128)
It can also be shown that
+1 92n+1 (]2
1 —2H)de = =—-2 12
| -t = 5o (129)

Substituting equations (128) and (129) into equation (126) yields

+1 ) 2)
P dr = 1
/1 2o)de = 5 (130)

Consequently, equation (121) can be written as

2n+1 [T o2n+1 [T d"f(z)
= P = 1 n
2 [, S@h(@)de = oo /_ , dzn

da (131)

an

Notice that P,(x) is an even function if n is even and P,(x) is an odd function if n
is odd. Thus, if f(z) is an even function

/0 it n is odd (132)
n = (2n +1) f0+1 f(x)Py(x)dx if n is even
On the other hand, if f(z) is an odd function, then
+1 e
0, — 2n+1) [, f(z)Py(z)dx ?f n is odd (133)
0 if n is even

From equation (131), one can also see that any polynomial of degree N can be
expressed as a linear combination of the first V + 1 Legendre polynomials.
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[Example] Express f(z) = 2? as a Legendre series in (—1,+1).

2

Since z° is a polynomial,

22 = apPo(x) + a1 Pi(x) 4+ as Ps(x)
ag=a4=0as=---=0

This is due to
d* f(x)

dxk =0

for k=3,4,---.
Since f(x) = x? is even, a; = 0. Let us make use of equation (131) for n = 0,2, i.e.,

I 1
ag = —/ idr = =
2 /) 3

5 +1

2
_ _ 2 S

a2

Thus,

v = 2 [Po(e) + 2Po(x)]

where Py(z) = 1, Pi(z) = z and Py(z) = 1(32% — 1).
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